Reordered Computable Numbers

Philip Janicki
Universitat der Bundeswehr Miinchen

September 7th, 2023

Philip Janicki Reordered Computable Numbers



0000000000000 0000O00000

Conventions in this talk:
@ A "sequence" is a sequence of real numbers.

@ A "computable sequence" is a computable sequence of rational
numbers.
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Definition

Let f: N — N be a function which tends to infinity. We define the
function ur: N — N by:

ur(n) := [{k € N| f(k) = n}|
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Let f: N — N be a function which tends to infinity. We define the
function ur: N — N by:

ur(n) := [{k € N| f(k) = n}|

@ For every bijective function o: N — N, the composition f o o
also tends to infinity and we have ufro, = ur.
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Definition
Let f: N — N be a function which tends to infinity. We define the
function ur: N — N by:

ur(n) := [{k € N| f(k) = n}|

@ For every bijective function o: N — N, the composition f o o
also tends to infinity and we have ufro, = ur.

@ There exists a unique non-decreasing and unbounded function
f*: N — N with ugs = ur.
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Definition
Let f: N — N be a function which tends to infinity. We define the
function ur: N — N by:

ur(n) := [{k € N| f(k) = n}|

@ For every bijective function o: N — N, the composition f o o
also tends to infinity and we have ufro, = ur.

@ There exists a unique non-decreasing and unbounded function
f*: N — N with ugs = ur.

@ In general, both ur and f* are not computable even if f is
computable.
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Let (x,)n be a convergent sequence and x := lim,_, o0 Xp.
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Let (x,)n be a convergent sequence and x := lim,_, o0 Xp.

O A function s: N — N is called a modulus of convergence of
(xn)n if for all n € N and for all i > s(n) we have
Ix — x;| <27".
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Let (x,)n be a convergent sequence and x := lim,_, o0 Xp.

O A function s: N — N is called a modulus of convergence of
(xn)n if for all n € N and for all i > s(n) we have
Ix — x;| <27".

@ We say that the sequence (xn), converges computably to x if
it has a computable modulus of convergence.
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Definition

A real number x is called left-computable if there exists a
computable increasing sequence converging to it.

Philip Janicki Reordered Computable Numbers



000@0000000000O00000000

A real number x is called left-computable if there exists a
computable increasing sequence converging to it.

A real number is called computable if there exists a computable
sequence converging computably to it.
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A real number x is called left-computable if there exists a
computable increasing sequence converging to it.

A real number is called computable if there exists a computable
sequence converging computably to it.

Every computable number is left-computable, but the converse is
not true.
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Definition

For a set A C N we define a real number in the interval [0, 2] via:

X = Z 2"

neA
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Definition

For a set A C N we define a real number in the interval [0, 2] via:

X = Z 2"

neA

@ x4 is computable if and only if A is computable.
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Definition

For a set A C N we define a real number in the interval [0, 2] via:

X = Z 2"

neA

@ x4 is computable if and only if A is computable.

@ x4 is left-computable if A computably enumerable, but the
converse is not true.
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Definition

For a set A C N we define a real number in the interval [0, 2] via:

X = Z 2"

neA

@ x4 is computable if and only if A is computable.

@ x4 is left-computable if A computably enumerable, but the
converse is not true.

Definition

A real number x € [0, 2] is called strongly left-computable if there
exists a computably enumerable set A C N with x4 = x.
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For the remainder of this talk we will only consider positive real
numbers.
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Let f: N — N be a function.
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Let f: N — N be a function.

o (X702 fK) 'is an increasing sequence of rational numbers.
n
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Let f: N — N be a function.
o (Xr_o2 fW) 'is an increasing sequence of rational numbers.

o If f is computable, then this sequence is also computable.
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Let f: N — N be a function.
o (Xr_o2 fW) 'is an increasing sequence of rational numbers.
o If f is computable, then this sequence is also computable.

o If, in addition, the series >°2° , 277(K) converges, then the
limit is a left-computable number.
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Let f: N — N be a function.
o (Xr_o2 fW) 'is an increasing sequence of rational numbers.
o If f is computable, then this sequence is also computable.
o If, in addition, the series >°2° , 277(K) converges, then the
limit is a left-computable number.
It is easy to see that for every left-computable number there exists
a computable function g: N — N such that the series > 3>, 278(k)
converges to it.
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Let f: N — N be a function such that the series 37,2~ F(¥)
converges.
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Let f: N — N be a function such that the series 37,2~ F(¥)
converges.

@ For every bijective function o: N — N, the rearranged series
S 02 F@R) also converges, toward the same limit.
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Let f: N — N be a function such that the series 37,2~ F(¥)
converges.

@ For every bijective function o: N — N, the rearranged series
S 02 F@R) also converges, toward the same limit.

@ /fs: N — N is a modulus of convergence, then s is also a
modulus of convergence for the reordered series > 3> o 2~ (k).
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Let f: N — N be a function such that the series 37,2~ F(¥)
converges.
@ For every bijective function o: N — N, the rearranged series
S 02 F@R) also converges, toward the same limit.
@ /fs: N — N is a modulus of convergence, then s is also a
modulus of convergence for the reordered series > 3> o 2~ (k).
© The following are equivalent:

o The series > ;2 2~ (X converges computably.
o The series Y~ us(k) - 27% converges computably.
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Definition

We say that a real number x is reordered computable if there exists
a computable function f: N — N with 3222, 27F(k) = x such that

the reordered series >°7° , 27" (K) converges computably.
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Definition

We say that a real number x is reordered computable if there exists
a computable function f: N — N with 3222, 27F(k) = x such that

the reordered series >°7° , 27" (K) converges computably.

@ By definition, every reordered computable number is a
left-computable number.
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Definition

We say that a real number x is reordered computable if there exists
a computable function f: N — N with 3222, 27F(k) = x such that

the reordered series >°7° , 27" (K) converges computably.

@ By definition, every reordered computable number is a
left-computable number.

@ For example, every strongly left-computable number is
reordered computable.
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Proposition

Let x and y be reordered computable numbers. Then the sum
x + y and the product x - y are also reordered computable.
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Proposition

Let x and y be reordered computable numbers. Then the sum
x + y and the product x - y are also reordered computable.

Let x and y be left-computable numbers with x <s y. If y is
reordered computable, then x is reordered computable as well.
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Let x be a left-computable number such that there exists a
computable function f: N — N with >23°  2=F(k) = x and
limsup,,_,oo v/ ur(n) < 2. Then x is reordered computable.
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Let (an)n be a sequence with limsup,,_, . \/|an| < 1. Then the
series Y .o ak converges absolutely, and there exists a rational

. n+1
number g <1 with 32 ., lak| < % for all n € N.
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Let (an)n be a sequence with limsup,,_, . \/|an| < 1. Then the
series Y .o ak converges absolutely, and there exists a rational

. n+1
number g <1 with 32 ., lak| < % for all n € N.

Let h: N — N be a function with limsup,_,.. </h(n) < 2. Then
the series > 3o o h(k) - 27 converges computably.
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By assumption, we have limsup,_, . /h(n) < 2. This also implies
lim sup,_,o0 ¥/h(n) - 2=" < 1. Hence, the series > oo o h(k) - 27X
converges, and there is a rational number g < 1 with

> ae i1 h(k) - 27k < ‘l’nft for all n € N. Define the function

qmt
1—

S:N%bes(n)::min{mEN\ ql<2_”}fora||n€N.
Clearly, s is computable, and we claim that s is a modulus of

convergence for the series. Considering an arbitrary n € N, we

obtain:
e9 qs(n)+1
> h(k)-27k < <27"
1-gq
k=s(n)+1
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Let f: N — N be a computable function which tends to infinity

with limsup,,_,.. /ug(n) < 2. Then the series S 72 27 F(¥)
converges and its limit is a reordered computable number.
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Let A C N be an infinite set such that the number x4 is
left-computable. If A is not immune, then xu is reordered
computable.
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Definition (Hertling, Janicki (2023))

© A sequence (x,), is called nearly computably convergent if it
converges and for every computable increasing function
s : N — N the sequence (Xs(n+1) — Xs(n))n CONverges
computably.
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Definition (Hertling, Janicki (2023))

© A sequence (x,), is called nearly computably convergent if it
converges and for every computable increasing function
s : N — N the sequence (Xs(n+1) — Xs(n))n CONverges
computably.

@ A real number is called nearly computable if there exists a
computable sequence converging nearly computably to it.
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Definition (Hertling, Janicki (2023))

© A sequence (x,), is called nearly computably convergent if it
converges and for every computable increasing function
s : N — N the sequence (Xs(n+1) — Xs(n))n CONverges
computably.

@ A real number is called nearly computable if there exists a
computable sequence converging nearly computably to it.

Every computable number is nearly computable, and it follows from
a theorem of Downey and LaForte (2002) that there exists a
left-computable number which nearly computable but not
computable.
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Proposition (Hertling, Janicki (2023))

For a left-computable number x the following are equivalent:
O x is nearly computable.

@ For every computable increasing sequence (xn), converging to
x, the sequence (xp+1 — Xn)n converges computably.
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Proposition (Hertling, Janicki (2023))

For a left-computable number x the following are equivalent:
O x is nearly computable.

@ For every computable increasing sequence (xn), converging to
x, the sequence (xp+1 — Xn)n converges computably.

Let x be a reordered computable number which is nearly
computable. Then x is even computable.
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Since x is reordered computable, there exists a computable function
f:N— Nwith > 27, 2=f(k) = x and a computable function

r: N — N with Ziozr(n)ﬂ ur(k)-27% < 27" for all n € N. Since x
is nearly computable, there exists a computable function s: N — N
such that for all n € N and for all i > s(n) we have f(i) > n.
Define the function t: N — N by t(n) := s(r(n)). Obviously, t is
computable, and we claim that even the series > 3>, 2~ (k)
converges computably. Considering some arbitrary n € N, we

obtain:
Yoo2of= N o< N (k) 2k <27
k=t(n)+1 k=s(r(n))+1 k=r(n)+1

Hence, the series 52, 2~F(k) converges computably and x is a
computable number. O
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Every reordered computable number is not Martin-L6f random.
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Every reordered computable number is not Martin-L6f random.

Let Q be a left-computable number which is Martin-L6f random. It
is well-known that for every left-computable number x we have

x <g £. Since the reordered computable numbers are closed
downwards under the Solovay reduction and not every
left-computable number is reordered computable, Q is not
reordered computable as well. Ol
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Definition (Hertling, Holzl, Janicki (2023))

A real number x is called regainingly approximable if there exists a
computable increasing sequence (x,), converging to x with
X — Xp < 27" for infinitely many n € N.
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Definition (Hertling, Holzl, Janicki (2023))

A real number x is called regainingly approximable if there exists a
computable increasing sequence (x,), converging to x with
X — Xp < 27" for infinitely many n € N.

Obviously, every regainingly approximable is left-computable and
every computable number is regainingly approximable, but none of
these implications can be reversed (Hertling, Holzl, Janicki (2023)).
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Let x be a reordered computable number. Then there exist
regainingly approximable numbers o and 8 with a + = x.
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Let x be a reordered computable number. Then there exist
regainingly approximable numbers o and 8 with a + = x.

This result is a strengthening of the splitting theorem by Hertling,
Holzl and Janicki (2023).
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Thanks for your attention!
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